Abstract. For weakly compressible turbulent fluctuations there exists a small parameter, the square of the fluctuating Mach number, that allows an investigation using a perturbative treatment. The consequences of such a perturbative analysis in three different subject areas are described: 1) initial conditions in direct numerical simulations, 2) an explanation for the oscillations seen in the compressible pressure in the direct numerical simulations of homogeneous shear, and 3) for turbulence closures accounting for the compressibility of velocity fluctuations. 1) Initial conditions consistent with small turbulent Mach number asymptotics are constructed. The importance of consistent initial conditions in the direct numerical simulation of compressible turbulence is dramatically illustrated: spurious oscillations associated with inconsistent initial conditions are avoided, and the fluctuating dilatational field is some two orders of magnitude smaller for a compressible isotropic turbulence. For the isotropic decay it is shown that the choice of initial conditions can change the scaling law for the compressible dissipation.
1. Introduction. The phrase weakly compressible describes the turbulence relevant to many aerodynamic applications. Several interesting insights into the nature of compressible turbulence can be found by investigations of the weakly compressible limit: the weakly compressible limit allows a perturbative treatment. Such weakly compressible investigations are relevant to compressible shear layers encountered in practical applications. mean flow itself may be highly supersonic. An analytical development for the covariances of the fluctuating dilatation suitable for shear flows has been given in . This article describes the implications of such an analysis for the initial conditions in the direct numerical simulation of turbulence as discussed in Ristorcelli and Blaisdell (1997) . This article also reports an extension of that analysis that can explain the peculiar oscillations seen in the DNS of homogeneous shear. In the process a simple conceptual model -the forced linear oscillator -for compressible turbulence is derived. This article also explores, in the context of the DNS, representations for terms requiring closure in the kinetic energy equation.
The primary subject of this article, given that it is to appear in the proceedings of a conference devoted to turbulence modeling, is a summary of recent advances made in the understanding of the effects of compressibility as related to turbulence models for engineering flows. To this end a substantial portion of space is spent understanding numerically generated data bases which are used to develop turbulence models. This is done to insure that the physics of the numerically simulated flow is consistent with the engineering problem and thus constitutes a relevant data base for statistical closures relevant to engineering flows.
This article is divided into three separate sections.
Section 2 treats initial conditions for the DNS of compressible turbulence. It is shown that as a consequence of a finite turbulent Mach number there are finite non-zero density, temperature and dilatational fluctuations. These fluctuations are, to lowest order, specified by the incompressible field. These results are relevant to initial conditions on thermodynamic quantities employed in DNS of compressible turbulence that are started using incompressible fluctuating velocity fields. Use of these initial conditions gives rise to a smooth development of the flow, in contrast to cases in which these fields are specified arbitrarily (or set to zero). For the isotropic decay it is shown that the choice of the initial conditions appears to change the scaling law for the compressible dissipation. It will be seen that, for the isotropic decay, the well accepted M 2 t scaling for the compressible dissipation appears to be an artifact of an evanescent wave field set up by the initial conditions.
In Section 3 a simple conceptual model for weakly compressible turbulence is described: the evolution equations for the compressible portions of turbulence in the presence of a homogeneous shear are seen to obey a forced wave equation with refraction. The forcing and refraction effects are a function of the shear rate as indicated by a gradient Mach number.
In Section 4 the results of the modeling of are explored. It is shown that M 4 t scaling for the compressible dissipation is consistent with the DNS of compressible turbulence results with the appropriate initial conditions. A scaling of M 2 t for the compressible dissipation is consistent with the DNS if "inconsistent" initial conditions are used. A verification of the scalings and comparision with other models for the pressure-dilatation is also conducted.
2. Initial Conditions. For turbulence with finite turbulent Mach number there is a finite effect of compressibility. A methodology, consistent with finite Mach number asymptotics, for generating initial conditions for the fluctuating pressure, density, temperature, and dilatational velocity fields is described.
Relationships between diverse thermodynamic quantities appropriate to weakly compressible turbulence are derived. The phrase consistent initial conditions is used to denote initial conditions that are suggested by low turbulent Mach number asymptotics.
2.1. Single time perturbation analysis. has conducted a small Mach number expansion of the compressible Navier-Stokes equations. Some of those results, as they are relevant to the present subject, are now briefly sketched. The problem of compressible turbulence can be viewed as a singular perturbation. The inner problem is related to the acoustic source problem with time and length scales based on the turbulence time and length scales, ℓ/u c and ℓ.H e r eu c is the turbulence velocity scale and ℓ is the turbulence integral length scale. The outer problem is the acoustic propagation problem, which in the low M decomposed according to a perturbation about a mean state, (P,ρ, T ), thus p
and
The zeroth-order problem is the incompressible problem. The fluctuating pressure is not an independent variable but is set by the solenoidal velocity fluctuations and which also produces the density and temperature fluctuations. On the inner scales the incompressible pressure fluctuations dominate the pressure field. This pressure is sometimes called the "pseudo-pressure" in contradistinction to the propagating pressure associated with the sound field. The last two equations come from the ideal gas law. In light of the homogeneous shear flow simulations of Blaisdell et al. (1991 (the fluctuations were seen to follow a polytropic gas law with coefficient close to the adiabatic value), the adiabatic case is treated.
The next order expansion for the continuity equation produces a diagnostic relation for the fluctuating dilatation,
The dimensional equivalents of the above equations, using
where p ′ is the solenoidal pressure fluctuation. For finite turbulent Mach number there are unique specified finite fluctuations of density, temperature, dilatation and pressure.
Obtaining an initial condition for the compressible portion of the velocity, w i , which reflects the relation (11) is possible, Ristorcelli and Blaisdell (1997) . The fluctuating pressure p 1 needed in (11) is obtained from the Poisson equation (7), and its time derivative can be found by taking the time derivative of (7) and substituting for the time derivative of the velocity from (5). This gives a Poisson equation for p 1 , t ,
Solving the two Poisson equations (7) and (12), the dilatation is found from (10). For homogeneous turbulence the dilatational velocity can be found from the dilatation by working in Fourier space. As the dilatational velocity, w i , is irrotational the Fourier coefficients of the velocity are aligned with the wavevector, k,a n d they can be found from
The dilatational velocity w i is then combined with the solenoidal velocity v i to obtain the full initial velocity field. This set of initial conditions, (11) and(13), will called the consistent (or pseudo-sound) initial conditions.
Simulations and Results.
In order to determine the effectiveness of the new initial condition method, direct numerical simulations of decaying isotropic turbulence are carried out with three different types of initial conditions, Ristorcelli and Blaisdell (1997) . Simulations were performed with initial turbulent Mach numbers M t =0 .231, 0.115, and 0.058. The initial turbulent Reynolds number Re T = ρq 4 /εν = 200 where q 2 = ρu i u i /ρ,a n dε is the dissipation rate of turbulent kinetic energy per unit volume. The mean density gradient is zero. For the present analysis and simulations the Reynolds and Favre averages are the same. Details about the simulation method can be found in Blaisdell et al. (1991) .
1. The first type of initial conditions, IC1, has zero density and pressure fluctuations. The velocity field is solenoidal. 2. The second type of initial conditions, IC2, has zero density fluctuations; the pressure is found by solving the Poisson equation (7). The velocity field is again solenoidal. 3. The third type of initial conditions, IC3, the fluctuating pressure field is found by solving the Poisson equation (7). The relations (11) determine the density and dilatational fluctuations from (7). The dilatation is used to determine the dilatational velocity from (13).
2.2.1. Magnitude of the dilatation. Data from the M t =0 .231 run has been chosen to illustrate the effect of the different initial conditions. Figure 1 shows the development of the variance of the dilatation, dd . It is clear from the figure that there are sizeable oscillations near the origin for the first two initial conditions as the flow seeks to adjust to "inconsistent" initial conditions. This is not the case for the pseudosound initial conditions, IC3. Also interesting to note is the fact that the variance of the dilatation for IC1 is one order of magnitude larger than IC3. In general, at lower M t this difference is more pronounced; at M t =0.058 the difference is two orders of magnitude. This excess dilatation is associated with an evanescent wave field, see §3, set up by an inappropriate choice of initial conditions and is not the dilatation due to the compressible turbulence field.
An intuitive argument can be given to explain the behavior seen in Figure 1 . One might speculate that there is a wave field generated by the inconsistency between the pressure, density, temperature, and dilatational fields whose decay rate is far slower than the turbulence decay. This gives rise to a background evanescent acoustic radiation, for a homogeneous flow, that lasts the course of the simulation. For IC1 the fluctuating pressure field is set to zero. This can be viewed as a combination of the incompressible pressure satisfying (7) plus an acoustic pressure field which exactly cancels the incompressible pressure field -so that the initial field is zero. As time evolves the two pressure fields become decorrelated, giving rise to large acoustic pressure and dilatation fluctuations. For IC2 the pressure field is correct; however, there is no dilatation field. Again this can be viewed as a combination of the dilatation found from (7) plus an acoustic dilatation field that exactly cancels this. As the flow evolves away from the initial conditions, the two dilatation fields become decorrelated so that one is left with the correct dilatation plus acoustic fluctuations of dilatation and pressure associated with the slowly decaying evanescent field. The evolution of the pressure variance and pd (not shown here, Blaisdell (1996) ) corroborates this picture. 2.3. Conclusions. It has been shown that as a consequence of a finite turbulent Mach number there are finite non-zero density, temperature and dilatational fluctuations. These fluctuations are, to lowest order, specified by the incompressible field. These results are relevant to initial conditions on thermodynamic quantities employed in DNS of compressible turbulence that are started using incompressible fluctuating velocity fields. A potential practical consequence of the present results is a reduction in the amount of computational effort spent adjusting to transients associated with the relaxation from arbitrary initial conditions. The major point is that the initial conditions on the fluctuating thermodynamic variables of density, temperature, pressure, and dilatation should not be arbitrarily specified in the DNS of compressible turbulence. To lowest order these fluctuations, whose nature is connected to the underlying fluctuating vortical turbulence field, are generated by the pressure field associated with the divergence-free portion of the vortical motions. The methodology for generating initial conditions presented here allows the flow to develop more naturally.
The significance of the initial conditions is likely to depend on the type of flow considered; for example the effects described above are likely to be much less evident in a homogeneous shear in as much as the final M t substantial exceeds the initial M t . Nonetheless, one is led naturally to speculate about the nature and relevance of simulations that start from arbitrary initial conditions. There are surely a large number of interesting studies in which one can study the relaxation from diverse arbitrary initial conditions. It is also possible to argue that they have practical value. However, the strongest argument, given the current engineering problems and the lack of knowledge regarding the effects of compressibility, can be made for the initial conditions in which the density, temperature, pressure, and dilatational fields are related to the underlying local turbulence field that is the source of the fluctuations. This seems better than an arbitrary guess at initial conditions that may or may not have physical relevance or meaning.
3. Two-timing compressible turbulence. The present discussion is limited to a physical understanding of the effects of compressibility as arrived at mathematically. A two-time expansion of the compressible Navier-Stokes equations is used to investigate the compressible modes of a turbulent flow. Such a two-time scale analysis sheds substantial insight on the nature of compressibility.
The present treatment of the problem contrasts to that given by . That treatment, in which the the small parameter was also the turbulent Mach numbers, used a single time expansion. The single time expansion was a consequence of nondimensionalizing time with a time scale characteristic of the turbulence, the eddy turnover time. Such an analysis is suitable for statistical closure that evolves on a nonlinear advective time scale. Here the investigation is directed towards distinguishing quantities that evolve on a fast time scale from those evolving on a slow time scale. It will be seen that the quantities evolving on the fast time, as can be assessed by their evolution equations, cannot be understood as turbulence. The fast time equations suggest that it is useful to interpret the fast time solution as an evanescent wave field.
It is appropriate to indicate the observations that motivate the present analysis. The experimental data that suggested this investigation is the DNS of the homogeneous compressible shear as might be seen in Reynolds (1991, 1993) , Sarkar, Erlebacher and Hussaini (1991), or Sarkar (1992) . Figure 3 is the pressure-dilatation from Blaisdell's recent simulations; the instantaneous ensemble averaged as well as the time averaged pressure-dilatation time history is shown. The initial conditions follow those outlined in Ristorcelli and Blaisdell (1997) . Even with the initial conditions suggested by a single-time small turbulent Mach number expansion there is a build up of rapidly varying fluctuations in the pressuredilatation. This is also seen in the earlier simulations by Sarkar (1992) ; in Sarkar's (1992) simulations the oscillations occur earlier and this is consistent with the choice of initial conditions. The oscillations in the instantaneous pressure-dilatation exhibits a time scale characteristic of the sound crossing time over an eddy, ℓ/c, as can be estimated from the DNS. The evolution of the time averaged trace evolves on a slower time scale, the eddy turnover time, ℓ/u c ∼ k/ε. The appearance of these two disparate time scales suggest that a two-time analysis of the compressible DNS may be appropriate to further understand the nature of the physics. Consider a characteristic fluctuating velocity, u c , say related to the kinetic energy of the turbulence k, u 2 c = 2 3 k. The ratio of these two time scales is the fluctuating Mach number:
If it is assumed that the ratio of the eddy crossing time to the turnover time is small, ℓ uc >> ℓ c ,( o r equivalently the Mach number is small) a multi-scale expansion of the Navier-Stokes equations will produce a useful model. The small parameter in the two-time problem is now ǫ = M t . In the single time problem the appropriate small parameter was M 2 t . In the present development, as will become clear, the fluctuating Mach number plays two unique roles: It indicates the relative time scales of advection versus propagationin this role it appears to the first power. It is also a measure of the dynamical effects of the compressibility of the fluctuating field -in this role it appears to the second power.
3.1. Two-timing: analysis. A set of equations describing and distinguishing the relevant aspects of the flow physics is now derived. The procedure is straightforward and standard for those familiar with perturbation methods. Perturbing about a reference state, (p ∞ ,ρ ∞ ), the dimensional pressure, density and velocity are taken as
The dependent variables are now all nondimensional:
forms of the dimensional variables are then inserted into the compressible equations, (1), (2), (3) of §2.
The leading order problem, as in §2.1, is described by equations used for a solenoidal velocity field with characteristic time, length and velocity scales [
Note that the leading order density fluctuations are given by p s . The subscript "s" is understood to indicate solenoidal as the field v i has zero divergence. The gauge function φ 0 = γM 2 t in order to obtain a meaningful balance with pressure.
The compressible portion of the problem, [p c ,ρ c ,w i ], is described by the following set of equations:
It is important to note that the variable time is dimensional; length has been rescaled with ℓ so that the convective operators have dimensions of inverse time. The scalings for length and time will determine φ 1 and φ w . The method of dominant balance, after choosing the acoustic length and time scales, indicates that the only self-consistent choices for the scale functions are φ w = M 2 t and φ 1 = M t . Additional details relevant to a similar procedure, though in a different context, can be found in Ristorcelli (1997A) .
The compressible problem evolves on two time scales. The fast time scales with ℓ/c. The slow time scales with ℓ/u c . Following the usual multi-scale ansatz the original time variable is replaced with two independent time variables, [ t ] ⇒ [t 0 ,t 1 ]; t 0 is the fast time scale and t 1 is the slow time scale. The multi-time-scale ansatz for a dependent variable is f (x, t)=f (x, t 0 ,t 1 ). The time derivative, following a fluid particle of f (x, t) is then written
where the small parameter is now understood to be ǫ = M t . The equations are made nondimensional with the integral length scale, ℓ, and the fast time scale, ℓ/c. The compressible dependent variables are now expanded in a regular perturbation expansion, f = f 0 + ǫf 1 + ... . A Reynolds decomposition of the velocity field is used: the mean flow is characterized by a shear of magnitude S. The mean flow is assumed, for present purposes, to be homogeneous with V i , i =0.
3.2. The leading order primitive equations. The leading order compressible problem satisfies the following momentum and continuity equations:
The leading order equation of state, γp 0 = ρ 0 has been used to eliminate the density in favor of pressure.
There are several items worth noting:
1. The so-called gradient Mach number Sℓ c appears as an independent parameter. It appears in what is called a production term (also sometimes called a refraction term). 2. The forcing terms are all functions of the slow time:
3. The equations are linear: there is no nonlinear compressible-compressible mode coupling in the low Mach number limit. Nonlinearity is only a characteristic, as one might expect in a perturbative treatment, of the incompressible modes. 4. The solution is written as a sum of homogeneous and particular solutions which, to leading order, have a different dependence on the fast (t 0 )a n ds l o w( t 1 ) time variables, Ristorcelli (1997A):
, is the solution of the homogeneous problem:
These are the equations of an evanescent wave field. The solution is a function of, to leading order, of only the fast time. 
On the right hand side
, which is known in terms the solenoidal field. The problem can be viewed as a linear fourth order forced oscillator, whose natural time scale, t 0 , is fast compared to the forcing time scale, t 1 . The homogeneous solution satisfies the initial value problem and only varies on the fast time scale; the particular solution varies on the slow time scale. If the initial conditions are homogeneous, the evanescent wave field with the fast eigenmodes is not stimulated. In such a case the solution for the compressible modes follows the slow time forcing with a phase lag related to the damping.
In the absence of forcing the homogeneous problem satisfies the following wave equation
For a parallel unidirectional shear the right hand side is zero,
and the order of the system is reduced. A equation similar in form has been deduced by Lilley (1996) . Apart from some numerical factors the major difference from Lilley's result is that, as the equation is expressed on the fast time scale, it describes specifically the fast modes of the flow. This is the wave equations in a moving medium with refraction due to the mean shear. The mean shear alters the magnitude and direction of the wave field.
For a homogeneous medium this equation describes an evanescent wave field determined by the initial conditions. If the initial conditions are zero the solution remains zero; arbitrary non-zero initial conditions will stimulate the eigenmodes of this equation. These are waves with phase speed equal to speed of sound (unity in the present equations). The production (refraction) mechanism can amplify these modes. The production mechanism consequently leads to secular behavior; the growing amplified modes, extracting energy from the mean shear, will grow on a time scale t 0 such that the oscillations will no longer be small on a scale of the turbulent Mach number. (The above equations will also no longer be valid). This refraction mechanism is likely to be the source of the very large compressible pressure fluctuations seen in the compressible DNS, Blaisdell et al. (1991) , Sarkar (1992) . This possibility is the topic of research now in progress. have also reported on a tilting of dilatational surfaces as the DNS proceeds; a refraction mechanism as indicated above would explain this behavior. 
The compressible fast modes are not irrotational (even if they start irrotational). It appears that it is inappropriate to call the field acoustic: there are rotational modes that propagate with acoustic phase speed which are stimulated by the initial conditions. Like the leading order compressible pressure field the compressible vortical modes can be amplified by extracting energy from the mean shear.
3.5. Summary of two-timing results. A simple two-time analysis has indicated some very interesting and simple models for the compressible portions of a turbulent flow. The fast compressible modes are governed by a forced convective wave equation with production (refraction) terms; this can be understood as a linear forced oscillator model for compressible effects. In a medium undergoing a simple homogeneous shear the following linear wave equation describing the evolution of the initial conditions determining an evanescent compressible wave field with acoustic phase speed:
This is essentially a third order linear oscillator, modulo mean convection effects. The equation contains the production (refraction) term, V i , k p 0 , ik , which will produce secular growth that is a possible mechanism for the large oscillations seen in the compressible DNS in the presence of shear.
4. Compressible turbulence modeling. An investigation, using recent DNS data, Blaisdell (1996) , of the scalings obtained for the pressure-dilatation and the dilatational dissipation by is the primary subject of this section. The representations given in were obtained using simple scaling arguments regarding the effects of compressibility, a singular perturbation idea and the methods of statistical fluid mechanics. While the results are expressed in the context of a statistical turbulence closure, they provide, with few phenomenological assumptions, an interesting and clear physical model for the scalar effects of compressibility. The analysis is relevant to shear flows with negligible bulk dilatation and small M 2 t . These restrictions are also met in a wide number of engineering flows ranging from simple shear layers of fundamental and practical interest, Papamoschou and Roshko (1988) , as well as the complex shear layers associated with supersonic mixing enhancement, Gutmark et al. (1995) . In most of these supersonic shear layers a Mach number based on the fluctuating velocity of the fluid particle is small.
For example, in a Mach 4 mean flow with a turbulence intensity of 8 per cent has a turbulent Mach number of M t =0.32. The square of this turbulent Mach number, the appropriate perturbation expansion parameter arising from the Navier-Stokes equations, M 2 t ∼ 0.1, is small. These restrictions are also met in the DNS of homogeneous shear; the homogeneous shear is our laboratory experiment.
4.0.1. A pseudo-sound analysis for the effects of compressibility. The existence of a small parameter allows some analytical results. In Ristorcelli (1997) a low turbulent Mach number expansion for the compressible Navier Stokes equations produced a diagnostic relationship for the dilatation. To leading order, the density fluctuations are given, in nondimensional units, by the solenoidal pressure fluctuations, γρ s = p s and the continuity equation becomes a diagnostic relation for the fluctuating dilatation,
One does not need to obtain a solution to the evolution equation for the compressible velocity field, w i , in order to obtain, to leading order, its dilatation, d = w i , i . This is a useful result. The dilatation is determined by local fluctuations of the pressure and velocity; it is the rate of change of the solenoidal pressure field p s , jj =(v i v j ), ij , following a fluid particle.
In a two equation turbulence closure an equation for the kinetic energy of the fluctuations, k, is carried. In the kinetic energy equation two new covariances with the fluctuating dilatation appear: the pressuredilatation and the dilatational dissipation. Constitutive relations for the pressure-dilatation and the dilatational dissipation can be found by taking the appropriate moments of the diagnostic relation for the dilatation to produce, to leading order in M 2 t ,
The substituting of the solutions to p s , jj =( v i v j ), ij , into the right hand side of the above constitutive relations has been used to obtain representations for pd and ε c , . 
Here R 2 = W 2 /S 2 is the mean rotation to strain ratio; R = 1 for a pure shear. The nondimensional strain and rotation rates are given by:Ŝ 2 =( Sk/ε s ) 2 ,Ŵ 2 =( Wk/ε s ) 2 where S = S ij S ij and W = W ij W ij . The strain and rotation tensors are defined in analogy with the incompressible case, i.e. traceless,
2 ,w h e r e c 2 = γ<p>/<ρ>is the local sound speed. The traditional definition of the Mach number is used,
The turbulent Reynolds number is given by R t = ucℓ ν = 4k 2 9εν using the well known Kolmogorov scaling ε s = αu 3 c /ℓ with α ≈ 1. The constants, denoted by I i , in these expressions are not adjustable empirical calibration constant obtained by matching calculations to obtain the trends in experimental data; they are fully specified and measurable quantities. They are defined in terms of diverse integrals of the longitudinal correlation. The reader is referred to for additional details.
The behavior that is most easily explored -in as much as the isotropic decay is the cheapest of DNS to conduct -is the scaling with turbulent Mach number. The dilatational dissipation scales as t scaling has been seen in the EDQNM simulations of the Bertoglio group at Lyon. The Reynolds number dependence is not so easily explored as, in DNS, the Reynolds number cannot be varied over a substantial range. In the EDQMN simulations of the Bertoglio group a dependence on the Reynolds number is seen.
The pressure-dilatation.
In the asymptotic analysis of the following representation for the pressure-dilatation was, to leading order, obtained:
where
. The constants, denoted by I i , in these expressions are fully specified by the analysis.
For the present article, concerned as it is with the scalings of the compressible covariances, their exact values are not relevant.
Pressure-dilatation in the isotropic decay.
For the isotropic decay the expression for the pressure-dilatation becomes The DNS results, shown in Figure 4 , were provided by Blaisdell for three different initial turbulent Mach numbers. As a service to the reader, the figure identifies two definitions of the turbulent Mach number: that used by in their simulations, M b t , and that which comes from the traditional definition of the Mach number. The present compressible DNS reflect a consistent set of initial conditions as described above and in Ristorcelli and Blaisdell (1997) .
The agreement with the DNS, shown in Figure 4 , is very good. The analysis is consistent with the DNS without a posteriori adjustment of constants. The actual values of the constant could in principle be calculated from the DNS. As they are expected to be weakly dependent on initial conditions, this course is not followed further -what has been presented is sufficient for verification. Moreover, the slow portion of the pressure-dilatation is nominal compared to the rapid portion which is the most important contributor in the shear flows of interest.
Homogeneous shear.
The pressure-dilatation in the homogeneous shear is now investigated. The instantaneous pressure-dilatation is seen in Figure 5 . Also shown are its averaged values following the procedure of Sarkar (1992) . Here the time integral of the pressure-dilatation has been taken: the vertical axis being − 1 St <pd> εs d(St). The oscillations in the pressure-dilatation associated with the relaxation from initial conditions are not seen. There is, nonetheless, a build up of the oscillations which has been linked to the compressible component of the pressure field, Sarkar (1992) , Blaisdell and Sarkar (1993) . A plausible physical mechanism for this behavior was given in §3.
For homogeneous shear, the expression for the pressure-dilatation can be simplified. For simple shear 
Note that the coefficient of the first term, χ pd , ignoring the small slow pressure contribution, scales as χ pd ∼ ( Sk εs ) 2 ; thus accounting for the definitions of the χ's, the pressure-dilatation can be rewritten as
As the flow evolves, it is expected that I r 1 → const and
Sk εs ] → 1. The scaling of <pd>with the term in the first set of brackets will be investigated.
Pressure-dilatation scalings.
The appropriately scaled integrals of <pd>will now be taken. In this way one can establish whether the scalings predicted by the model are useful. In the latter portions of Blaisdell's DNS, St > 10, about three to four eddy turnovers past initialization, a structural equilibrium is approached. In this region the scaling, given by the analysis above, indicates
is investigated. The time integral 
will be computed from the data. The integrals are shown in Figure 5 . The integration starts at St =9 ; the integrals are normalized by their values at St = 10. The integration is started at St > 9s ot h a tn o nequilibrium effects associated with the development of the turbulence from the initial conditions has faded.
During such transient periods integrals in the pressure-dilatation model will not be constant. For St > 9 the quantity
and D DtŜ → 0 and the validity of the scaling can be satisfactorily assessed. If the scaling suggested by the analysis of Ristorcelli (1995 is correct the last integral, I 4 , will be approximately constant once an average is performed over a few of the oscillations. The period of time 10 <St<16 corresponds to about one eddy turnover time.
The gradient Mach number.
The largest relative collapse of the normalized <pd>integrals is the collapse from I 2 to I 3 .T h e I 3 includes the quantities
2 .T h e q u a n t i t y M t ( Sk ε )c a nb e understood as a gradient Mach number. The pressure-dilatation is a strong function of the gradient Mach number. Sarkar (1995) has defined a gradient Mach number as M g = Sℓ/c; the transverse two-point correlation of the longitudinal velocity is used as the length scale, ℓ. In this article ℓ will be taken as the traditionally defined longitudinal length scale that occurs in the Kolmogorov scaling: ℓ = α(2k/3) 3/2 /ε s . In which case a mean strain Mach number is defined:
The approximation α ≈ 1 has been made. In fact, the curve I 3 overshoots the optimum collapse (a horizontal line): the gradient Mach number is increasing faster than <p d> . The curve, I 4 , which accounts for the Kolmogorov coefficient in addition to the scalings of I 3 , is a further improvement.
The Kolmogorov scaling coefficient.
A new feature associated with compressibility for this class of turbulence closures, is the appearance of the Kolmogorov scaling coefficient, α. M t and Sk εs are not new quantities for describing turbulence in single point closures; α, however, is new. The quantities M t and Sk εs are computed as part of a turbulence model simulation; α however is not. This distinction is made in order to recognize α as a new independent quantity. The value of α can be thought of as describing large scale structural aspects of the flow: after all, it relates the kinetic energy, its cascade rate, and the two-point correlations.
The Kolmogorov parameter α appears because it is has been necessary to evaluate spatial two-point integrals that were made nondimensional using ℓ, . The dependence on the Kolmogorov scaling coefficient appears when the integral length scale, ℓ, is eliminated in favour of k and ε which are carried in standard turbulence closures. Such a procedure does not appear in developments for incompressible closures -the incompressible pressure-strain is independent of length scale.
The values used for α come from Blaisdell's DNS: the longitudinal integral length scale, ℓ, k and ε s are calculated from the DNS and then the Kolmogorov relationship, ε = α( 2 3 k) 3/2 /ℓ is used to find α.
The Kolmogorov constant is thought to be a universal constant for high Reynolds number isotropic turbulence; for nonideal finite Reynolds number anisotropic turbulence it is a flow specific quantity.I ti s this fact that makes creating a singel point turbulence model difficult; a choice for α must be made and for any given flow the choice is not, a priori, known.
4.3.
Comparison with select pressure-dilatation models. The analysis of has treated the case in which dilatational fluctuations come from the turbulence and not an evanescent wave field due to initial conditions. A good clean set of DNS calculations, uncontaminated by arbitrary initial conditions, now exists for the homogeneous shear. Blaisdell's new calculations allow a study of the effects of compressibility due to the non-zero Mach number of the vortical fluctuations. This is the simplest flow possible and such dilatational fluctuations will be directly related to turbulence present in engineering flows of interest. Comparison with published work on the pressure-dilatation covariance is now made.
Zeman's (1991) model is given by
where τ a =0.13(2k/ε)M b t . The variance <p e p e >, which represents an equilibrium level of pressure variance; it is given phenomenologically:
Zeman's modeling is not consistent with low M 2 t asymptotics: as M 2 t → 0 Zeman's phenomenology indicates pp → p e p e → 0. The pressure variance must, however, asymptote to the incompressible pressure variance, pp → p s p s , which will be a function of the energy of the turbulence. Zeman (1991) apparently treats the model problem in which there are arbitrary pressure fluctuations due to initial conditions -the initial value problem. The compressible effects due to the compressible nature of the turbulence itself is missed. Over a time scale of the turbulence τ a /M t , the pressure variance predicted by this model will have equilibrated to p e p e and the pressure-dilatation will be zero. This is not seen in the DNS of either the isotropic decay or the homogeneous shear. For this reason the Zeman modeling is not further investigated. Aupoix, Blaisdell, Reynolds and Zeman (1990) have, apparently, a similar problem in mind; their resolution is, however, more general. Their value of the pressure-dilatation is obtained from an evolution equation:
Again τ a is a fast "acoustic" time scale. If one inserts the evolution equation for k,
The density has been set to unity. On the slow manifold, characteristic of the decay, the fixed point solution
which has a form similar to the present model. Sarkar's (1992) pressure-dilatation model for flows without bulk dilatation, is given by
This is the same form of the model as used in the simulations of Abid (1994) . In case of misunderstanding it should be pointed out that there are no singularities at low turbulent Mach number in Sarkar's (1992) model. 4.3.1. Model comparison -the isotropic decay. For the isotropic decay the Aupoix et al. (1990) model, the Sarkar (1992) model and the present model given above are all, in the low M t limit, topologically similar. The three models are, respectively,
The coefficients for Sarkar and Aupoix are determined empirically by matching with compressible simulations; for the present model the coefficent, χ pd , is related to a two-point integral and is obtained in a way not related to any compressible experiments. The coefficients in the models show <pd> M 2 t ε ∼ 1.25, 0.2and.6 for the Aupoix, Sarkar and Ristorcelli models. The DNS of Blaisdell, Figure 2 , indicates a value ≈ 0.6 is the better value for the coefficient.
Model comparison -the homogeneous shear.
For the isotropic decay the Aupoix et al. (1990) model, the Sarkar (1992) model and the present model are, in the low M t limit, topologically similar. For the homogeneous shear differences between the models become apparent.
The models have been arranged to display some of their similar features; certain groupings of parameters have been emphasized. In case of misunderstanding it should be pointed out that there are no singularities at low turbulent Mach number in Sarkar's (1992) model. The grouping in the models highlights an M 2 t dependence; the term in the brackets can be understood as representing a (weighted) departure from equilibrium. Note that all three models allow for a change in sign of pd . For the Sarkar model the change in sign is dependent on the turbulent Mach number. For Aupoix and Ristorcelli models the change in sign is simply dependent on the whether production exceeds dissipation.
The present model, (63), features an additional dependence on the Kolmogorov scaling parameter, α,and the relative strain Zeman's modeling, Zeman and Coleman (1991) , is also not appropriate for the homogeneous shear with consistent initial conditions for the reasons given above. Durbin and Zeman (1992) have made several improvements to Zeman's original ideas -the vortical fluctuations are recognized as producing dilatational fluctuations, and thus Durbin and Zeman (1992) is consistent with low Mach number asymptotics. Their closure is more complex; requiring, in addition to the solution an evolution equation the pressure variance, but also an equation for a length scale associated with the pressure field. Their development treats rapidly distorted flows and their modelling and validation focusses on flows with large mean dilatations -a flow in which the pd is important. The present development is focussed on compressible shear flows and a first step in the development of a compressible closure that might explain and predict the growth rate suppression seen in many mixing layer experiments. The mixing layer is not a case of a rapidly distorted flow.
Turbulence modeling conclusions.
A simple low Mach number analysis of the Navier Stokes equations has related the fluctuating dilatation to the solenoidal pressure field, . This is used to produce constitutive relations for the pressure-dilatation and the dilatational dissipation. The scalings of the these expressions with turbulent Mach number, relative strain rate, gradient Mach number and Kolomogorov scaling coefficient have been shown to collapse the DNS data.
The DNS -with consistent initial conditions -indicates that the dilatational dissipation scales as M 4 t . As such, the dilatational dissipation does not appear to be an item of any concern in low turbulent Mach number flows of interest to high speed (supersonic) aerodynamics. The dilatational dissipation with its M 4 t dependence certainly cannot explain the reduced growth rate of the compressible mixing layer, Thangam et al. (1996a Thangam et al. ( , 1996b . This is consistent with recent simulations, Sarkar (1995) , Vreman et al. (1996 ), Simone et al. (1997 .
The pressure-dilatation is found to be a nonequilibrium phenomenon. It scales as
For it to be important requires both 1) the square of the gradient Mach number, M 2 S , to be substantial and 2) for the flow to be out of equilibrium P k = ε. The pressure-dilatation has been observed and is predicted to be either positive or negative. Its dependence on the non-equilibrium nature of the flow, P k = ε, indicates that the pressure-dilatation can be either stabilizing or destabilizing. These trends appear consistent with the DNS of Simone et al. (1997) , in which such a dependence on P k /ε, as related to and implied by the evolution of the anisotropy, b 12 = uv 2k , from isotropic initial conditions, can be inferred. The homogeneous shear is arguably the most non-equilibrium flow of the the diverse benchmark flows. Accordingly the pressure-dilatation, for this class of flows, will be at its most important. In as much as many aerodynamic flows are close to equilibrium, it also appears that the pressure-dilatation with α ≈ 1 cannot explain the dramatically reduced growth rate of the mixing layer, Thangam et al. (1996a Thangam et al. ( , 1996b . A value of α ≈ 1 is a reasonable guess for an equilibrium turbulence; an α ≈ 1 appears to account for about one fifth of the reduction of the growth rate. A choice of α ≈ 2.5 would produce the observed reduction of the mixing layer growth rate; this, however, would be no more accurate a representation of the physics than when the dilatation dissipation was argued to account for the reduction of the growth rate of the mixing layer.
The present discussion treats only the "scalar" effects of compressibility -the changes in the turbulence energy, k, due to the dilatational covariances in the energy budget. The dilatational covariances cannot account for the reduction in the shear anisotropy, b 12 , or the normal anisotropy, b 11 , so important in the production of the shear stress, v 1 v 2 . To account for these more substantial structural effects appears to require a compressible pressure-strain representation accounting for the effects of compressibility in the evolution equations for the Reynold stresses.
In the pseudo-sound analysis the pressure-dilatation is found to be a function of the Kolmogorov scaling coefficient and this is anticipated to be an important (and potentially difficult) feature in single point closures for the effects of compressibility. The Kolmogorov coefficient, a reflection of an equilibrium cascade and an inertial subrange is, in general, a flow dependent quantity: there is little known about its dependence in non-ideal -anisotropic, strained, inhomogeneous -flow situations. The appearance of the Kolmogorov coefficient, in as much as it links the energy, the spectral flux, and a two-point length scale, is an indication of dependence on large scale structure.
5. Summary. This article has described the consequences of low Mach number expansions of the Navier Stokes equations for three different problems. In §2, time was spent developing physically relevant initial conditions for DNS of compressible turbulence. From Blaisdell's DNS it was shown that initial conditions can have a substantial effect on the scalings of the dilatational dissipation. It is clear that the DNS of compressible homogeneous turbulence -in whihc the medium can sustain a wave field in addition to the nonlinear advective field -needs careful consideration.
In §3, a two-timing perturbation method indicated that the fast compressible modes of a turbulent field are, to lowest order, described by a forced linear wave equation with refraction. Compressibility effects can be understood, as indicated by the two-time perturbation analysis, using a forced linear oscillator analog.
Several points relevant to understanding initial conditions for DNS of compressible turbulence stand out:
1. Inconsistent initial conditions stimulate modes with acoustic phase speed.
2. Consistent initial conditions eliminate the oscillations associated with the initial value problem. 3. Modes with acoustic phase speeds are solutions to the initial value problem and cannot be referred to as compressible turbulence which would have an advective phase speed.
4. Turbulence models for acoustic modes are as arbitrary as the initial conditions. 5. The initial value problem associated with inconsistent initial conditions which indicates an M on DNS data would be inappropriate for high Reynolds number flows. Presently DNS can not explore a wide enough Reynolds number range and, as a consequence, Reynolds number dependent phenomena can potentially be missed.
The low Mach number pseudo-sound analysis, in as much as it is supported by the DNS, appears to be a useful tool: it appears to have successfully
• Eliminated the fast modes associated with the initial value problem.
• Predicted the M 4 t scalings of the dilatational dissipation and its consequent neglectability.
• Predicted the scalings of the pressure-dilatation.
With the successes of such a rational procedure incorporating the more complex effects of compressibility can be done with more confidence. Of particular interest is the very difficult problem of the pressure-strain covariance. The importance the pressure-strain has been indicated in Blaisdell and Sarkar (1992), Vreman et al. (1996) , Sarkar (1995) , Simone et al. (1997) , . 
